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Abstract:

In this paper, we consider multiobjective mathematical programming problems with
equilibrium constraints (MMPEC). We extend the concept of type I and pseudoquasi-
type 1 functions for multiobjective mathematical programming problems with
equilibrium constraints. We establish necessary and sufficient optimality conditions for
multiobjective mathematical programming problems with equilibrium constraints
under assumptions of generalized convexity. Further, we propose Wolfe type dual
(WDMMPEC) and Mond-Weir type dual (MWDMMPEC). We establish weak duality
and strong duality results under assumptions of generalized convexity.
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Introduction

Multiobjective  mathematical programming problems with equilibrium
constraints is a constrained optimization problem whose constraints include
complementarity constraints defined as follows:

(MMPEC) min(f;(2), f2(2), ..., fi(2))
subjectto g(z) =0, h(z)=0,
G(z)20, H(2) =0,
G(2)'H(z) =0,
where  f:R® > R!, g:R® — RP, h: R® — RY,G: R* — R™and H: R* — R™
are continuously differentiable on R™and G (z)'indicates the transpose of G (z).

The concept of mathematical programming problems with equilibrium
constraints (MPEC) is coined by Harker and Pang [1] in 1988. Optimization problems
with equilibrium constraints arise frequently in various real world problems e.g., in
chemical process engineering, hydroeconomic river basin model, capacity

enhancement in traffic, dynamic pricing in telecommunication networks and multilevel
games (see, [2-3]). Mathematical programming problems with equilibrium constraints
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form a relatively new and interesting subclass of nonlinear programming problems.
Chemical process industries require the solution of the nonlinear problems as a part of
current process synthesis, design optimization and control activities.

Luo et al. [4] presented a comprehensive study of mathematical programs with
equilibrium constraints. Fukushima and Pang [5] studied some feasibility conditions in
mathematical programs with equilibrium constraints. Outrata [6] established necessary
optimality conditions for a class of mathematical programs with equilibrium
constraints. Scheel and Scholtes [7] studied mathematical programs with
complementarity constraints and introduced several stationary point concepts. Ye [8]
considered mathematical programs with equilibrium constraints and introduced various
stationary conditions and established that it is sufficient for local or global optimal
under quasi and pseudo convexity assumptions and obtained new constraint
qualifications. Further, Flegel and Kanzow [9] introduced a new Abadie-type constraint
qualification and a new Slater-type constraint qualification for mathematical programs
with equilibrium constraints.

The concept of invexity was introduced by Hanson [10] as a generalization of
convexity, then Kaul and Kaur [11] discussed the interrelations between 7n-convex, 7-
quasiconvex and n-pseudoconvex functions. Hanson and Mond [12] introduced two
new class of functions called type I and type Il functions, which are necessary and
sufficient conditions for optimality in primal and dual problems respectively. Rueda
and Hanson [13] defined pseudo-type I and quasi-type I functions and obtained
sufficient optimality criteria for a nonlinear programming problems involving these
functions. Kaul et al. [14] defined quasipseudo-type I and pseudoquasi-type I functions
and obtained necessary and sufficient optimality criteria for a nonlinear programming
problems involving these functions.

To the best of our knowledge, there are only few papers on multiobjective
mathematical programming problems with equilibrium constraints (MMPEC); (see,
Bao et al. [15], Mordukhovich [16] and Pandey and Mishra [17]). Mishra and Jaiswal
[18] defined semi-infinite mathematical programming problems with equilibrium
constraints (SIMPEC) and established optimality conditions and duality for the
(SIMPEC). Recently, Pandey and Mishra [17] defined multiobjective semi-infinite
mathematical programming problems with equilibrium constraints and defined the
concept of Mordukhovich stationary point for the nonsmooth semi-infinite
mathematical programming problems with equilibrium constraints in terms of the
Clarke sub differential.

In this paper, we extend the concept of Mordukhovich stationary point (M-
stationary point) and No Nonzero Abnormal Multiplier Constraint Qualification
(NNAMCQ) for multiobjective mathematical programming problems with equilibrium
constraints. In Sect. 2, we give some preliminary definitions. In Sect. 3, we derive
necessary and sufficient conditions for multiobjective mathematical programming
problems with equilibrium constraints. In Sect. 4, we propose Wolfe type dual and
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Mond-Weir type dual model. Further, we establish weak and strong duality results for
multiobjective mathematical programming problems with equilibrium constraints.

2. Preliminaries

The following convention for equalities and inequalities will be used. If x,y €
R", then

x=yiff x; =y;,i=1,...,n
xsyiff ;=y;,i=1,..,n
x<yiff x=yand x #y;
x<yiff x; <y;,i=1,..,n

Throughout this paper P denote the set of feasible solution of the (MMPEC).
Given a feasible vector z* for the (MMPEC), we define the following index sets:

1g={i:g(z*)=o},
a:a(z*):{i:G,.(z*)zo, H,.(z*)>o},
B=PE)={i:G() =0, Hi)=0},
y:7(z*):{i:Gi(z*)>O, Hi(z*):O}.
The set g is known as degenerate set. If g is empty, the vector z* is said to

satisfy the strict complementarity condition. For further study, we define the following
index sets:

{ Al >o} { Al <o}
ﬂ+:{ieﬂ:/1ic>0,/1[H>0},
B {zeﬂ 28 = 0/1H>o},ﬂ ={ieﬂ:/1,.0=0,/1ﬁ<0},
0]

ﬂ;;:{ieﬂ/i >0 ,ﬂ,;:{ieﬁ:zf:o,ﬂf<o},
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Definition 2.2. A feasible point z* is said to be a local efficient solution of the

(MMPEC) if there exists a neighbourhood of z* such that for anyz € R®* N U the
following cannot hold

fi(2) éfi(z*), Vi=l.,Li#j,
f/(z)<f/»(z*), for some j.

Definition 2.3. A feasible point " is said to be an efficient solution of the (MMPEC)
if for any - ¢ R™ the following cannot hold

f;(z)éﬁ(z*), Vi=l.,Li#j,
fj(z)<fj(2*), for some j.

Definition 2.4. A feasible point " is said to be a weak efficient solution of the
(MMPEC) if for any z « R™ the following cannot hold

£ < fi(Z), Vi=l,..,L
3. Optimality conditions for (MMPEC)

Following definitions are extension of Kaul er al [14] for multiobjective
mathematical programming problems with equilibrium constraints.

Definition 3.1. (Type I) Let f: R* — R!, g: R* — RP, h: R® — RY, G:R® — R™,
H:R"™ — R™ are continuously differentiable on R"and defined for the (MMPEC),
then (f.g.h,G,H)1s said to be type I with respect to nat "< p if there exists a vector

function 7(z,z") defined on R™ X R™such that, for all zeP
F@ -1 [V ne2), (3.1)
() Z[ Ve ] =),
—h(z')= [Vh(z*)}’ (2",
-6(=") E[V6(E) | 0.2

H()E[VHE [ n(z.2).
If in the above definition the inequality (3.1) is strict, then we say that
(f.g.h.G,H) is semi strictly-type I at z".

Definition 3.2. (Pseudoquasi-type I) Let f: R® — R!, g: R* — RP, h: R" — RY,
G:R"™ — R™, H: R" — R™, are continuously differentiable on R™ and defined for
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the (MMPEC), then (/.g.h.G.H) is said to be pseudoquasi-type I with respect to 7 at
2" e pif there exists a vector functionz(z,z") defined on R™ X R™ such that, for all

zeP.
(V&) 1) Z20= () 2 ().
~5(=) S 0=[Ve() | nz2) S0,
“h()S 0> [Vh(z*)]’ n(z,2)S 0,
—G(=)S0 :[VG(Z*)]’ n(z,z)2 0,

“H()S 0 :>[VH(Z*)T n(z2) 2 0.

Example 3.3. Consider the following MMPEC in R2.
min  f(z,2,)=(z", z’+2z,)
subject to  G(z,,z,)=z 20,
H(z,2,)=2,20,
G(z,2,)H(z,2,) =22, =0, Vz,z,€R.
Let f,(z,2,)=2> and f,(z,z,) =z + z, . The feasible region of MMPEC is P =
{(z1,2;) € R? such that either z; = 0 and z, Z 0 or z, = 0 and z; = 0}.

If we take any point in feasible region and 5(z,z")=z-z", here z=(z,z,) then,
above example is type I as well as pseudoquasi-type 1.

Following Definitions are extension of Definition 2.6 and 2.10 of Ye [8] for
multiobjective mathematical programming problems with equilibrium constraints.

Definition 2.1. (NNAMCQ) Letz" be a feasible point for the (MMPEC), where all
functions are continuously differentiable at z*. We say that the No Nonzero Abnormal
Multiplier Constraint Qualification (NNAMCQ) is satisfied at z” if there is no non zero
vector A = (A9, A", 26, AH) € RP+4+2™M gych that

3 A8Vg () + iﬂi"Vhi(z*) - i[iﬁva(z*) + 41'VH, (=] =0,

iel, i=1 i=1
/1;‘; =0, 4°=0,4" =0,Vie g either 2¢>0,4° >0, or A72° =0.

Following definition is extension of Ye [8] for the multiobjective mathematical
programming problems with equilibrium constraints.
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Definition 3.4. (M-stationary point). A feasible point " of the (MMPEC) is called
Mordukhovich stationary point if there exist 7= (74, .., 7)) =0and A=
(29,21, 26, 21) € RP*a*+2m gych that

! q m
YV Y AV () Y ARG - Y[ AOVG( + A VH () | = 0,
i=1 iel, i=1 i=1
A;"g =20, 19=0,2"=0,vie B either 4*>0,4° >0, or A" =0.
In this section, we derive optimality condition for multiobjective mathematical

programming problems with equilibrium constraints and in Theorem 3.5, we extend the
Theorem 2.1 of Ye [8].

Theorem 3.5. Let " be a local efficient solution for the (MMPEC) where all functions
are continuously differentiable at z*, then there existt = (t4,..,7;) = 0and A =

(29,21, 26, 21) € RP*+4+2™ not all zero, such that
1 q m
YoV + Y AV () + YAV = Y[ AVG()+ A VH ()] =0, (3.2)
i=1 iel, i=1 i=1
/l,gg =0, 4°=0,4" =0,vie g either 2¢>0,4° >0, or A"° =0.
Proof.

We reformulate the (MMPEC) by introducing slack variables in the following
equivalent form

MMPEC min(f;(2), f>(2), ..., fi(2))

subject to gz) =0, h() =0,
G(Z)—X=0, H(Z)—y:o'
where 2 = {(x,y) ER*™ : x = 0,y = 0, x'y=0}.

This is an optimization problem with equalities, inequalities and non-convex
abstract constraint (x,y) e Q with (x",y",z")=(G(x"),H(y"),z") as a local efficient solution.
We conclude that there exist T = (74, ...,7;) Z 0and 2 = (29,2", AG,AH) € RPta+em
not all zero and (&,5) e N,(x",y"), then the limiting normal cone of Q at the point (x",y")
such that

] 0 0 , 0 ; —e, . 0 &) (0
Sl 0 [+ 0 [+XA 0 [D2° 0 [=XYA" - |-|r|=|0]
0

ToAveE) T veh) T veih) T veiE)) T
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where ¢ denotes the unit vector whose i component is equal to 1. It follows that
0=A+&0=2" +y,

Z]:r‘,Vf‘T(z*) + AEVg () + iﬂ/‘w (z) - iqu(z*) +A'VH ()] =0,

icl, i=1
g . -
/11g = 0, Since(&,y)eNy(x",y"), and

& =0 if X: >0,
No(x',y") = &y 7=0 if ¥ >0,
either & <0,y,<00rfy, =0  if X' =0,y =0.

See, [3] the assertion of the theorem follows. This completes the proof.

By the Fritz John type M-stationary condition, if T = (7q,...,7;) = 0in the
condition is never zero, then it can be taken as (1,0,...,0). Hence, the following KKT type
M-stationary condition follows immediately.

Theorem 3.6. (Kuhn-Tucker type M-stationary condition) Let z"be a local efficient

solution for the (MMPEC), where all functions are continuously differentiable at z".
Suppose that (NNAMCQ) is satisfied at 2", then 2" is M-stationary.

Proof. Since (NNAMCQ) is satisfied at z°, T = (74, ...,7;) = 0in the Fritz John
necessary condition can be (1,0,...,0) i.e., z* is M-stationary.

This completes the proof.

In the following theorem, we extend the Theorem 2.3 of Ye [8] for
multiobjective mathematical programming problems with equilibrium constraints.

Theorem 3.7. Let :z"be a feasible point of the (MMPEC) and the M-stationary
conditions hold atz", ie. there exist T = (74,..,7;) = 0and 1 = (Ag,lh, AG,AH) €
RP*a*+2m gych that

z]‘;‘vjﬁ(z*) +Y 28Vg () + izﬁvh,(z*) - i[/pﬁvq,(z*) +A'VH (z)]=0, (3.3)

iEI:J i=
/1;[; =0, 2°=0, 4 =0, vie geither i’ >0, 4" >00r 174" =0.

Further, suppose that ) are

o8y smhy =Gy =Coigup s ™H 0 B o
pseudoquasi-type I, then in the case when o Uy Ug; U B, =4, z' is an efficient solution
of the (MMPEC); in the case when ;U g, =4, or when z*is an interior point relative
to the set PN{z:G,(2)=0,H,(z)=0,i e B U B,} i.e. for all feasible point z which is close to
z*, it holds that G.(z)=0,H,(2)=0,ie B;UpB;, z* is a local efficient solution of the

(MMPEC), where P denotes the set of feasible solution of the (MMPEC).
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Proof. Since (fogiohys=h, =G =G L H L

) is pseudoquasi-type I, it

follows that
(Vg () n(z)) Soviel,. (3.4)
Similarly, we have
(Vi()n(z,2)) S0vied", (3.5)
~(Vh )z Sovie . (3.6)

By the definition of pseudoquasi-type I for G.(Viea®Up;Up") and H,(Viey U UpBY),
we have

(VG zz)) Zoviea UB U, (3.7)
(VH()n(z.2)) Zovier UgUB . (3.8)

If o« Uy UBUB, =¢.multiplying (3.4) to (3.8), by A?g 20(iely),
A >03GedN),-A'>0Ge), A°>0@(caUB,UB), A7 >0 ey UpB;UpH), respectively
and adding, we get

<Z AEVg (2) + Zq:z‘hw‘(z*) 7iuﬁvc,(z*) + A,HVH,(z*)],n(z,z*)> so.

iel, i=1

Using (3.3) above inequality implies that

(S w20

Thus the definition of pseudoquasi-type I at z*, we get Z[:r‘ £ Z[:T‘ £z for all

i=1 i=1

feasible point z and hence z* is an efficient solution for the (MMPEC) if
a Uy UgUpg, =¢
Suppose that Uy = ¢ and g;U g, =¢.For anyiea, since H,(z")>0, H,(z)>0 for
sufficiently close to z*, we have
G(2)=G,(z"),Viea.
By definition of pseudoquasi-type I of G(viea™) at z* it follows that for z sufficiently
to z*,

~(VG()(z.2)) Z0Viea . (3.9)
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Similarly, we have for z sufficiently close to z,
—<VHi(z*),77(z,z*)> Z0,Viey. (3.10)
Multiplying (3.4) to (3.10) by ,1;‘; 20(i €ly), 4 >0Ges)~2">06e),

A8>06eaUB UL, AT >0iey UBUB),~A° >0iea),~ A" >0( ey ), respectively
and adding, we have that for z sufficiently close to z*,

<Z AEVg (27) + Zq: Z.ith‘.(z‘)—i[ﬂ.‘GVGi(z*) +A'VH, (z*)],n(z,z*)> =0.

iel, i=

Using (3.3), the above inequality implies that for z sufficiently close to z,
<irini(z*),77(z,z*)> =41}
P
Then, by the definition of pseudoquasi-type [ at z*, we get
Z,r,-f,(z) = Z,f,f,-(z”)-

For z sufficiently close to z*, that is z*is local solution for the (MMPEC) ifa” Uy~ =4,
and g UB, =¢.
Now suppose that z*is an interior point relative to the set

PN{z:G,(2)=0,H,(2) =0,i e ;U B,} , then for any feasible point z sufficiently close to z*,
it holds that G,(z)=0,H,(z)=0,i e 8;U f,, and hence by definition of pseudoquasi-type I
of G(iep;)and H,(ief;),

~(VG((z2)) Z oviep,, (3.11)

~(VH()n(z.2)) Z 0vie ;. (3.12)

Multiplying (3.4) to (3.12) byz;"g = 0(i €1y),
A>0Ged ) -2 >0iel )i >0Gca UBUB), A >0iey UBUB)-AC >0ica UpBy),
A" >0G ey Up;), respectively and adding, we have that for z sufficiently close to z’,

<Z AfVg (z') + izfv;z,.(z*) —Zm:uqu(z*) + l,”VHi(z*)],n(z,z*)> =o.

icl, i=1

Using (3.3), the above inequality implies that for z sufficiently close to z,
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1
<ZTI-VJ‘}(Z*)J7(Z,Z*)> = 0.
i=1
Then, by the definition of pseudoquasi-type I at z*, we get
1 1
PRV CEDRIACHR
i=1 i=1
For z sufficiently close to z°, that is z"is local solution for the (MMPEC) if z'is an
interior point relative to the set PN{z:G,(2)=0,H,(z) =0,i e B U B} -
This completes the proof.
Now, we give an example to illustrate Theorem 3.7.
Example 3.8. Consider the following MMPEC in R2.
min f(zl,zz) =(z;,2,)
subject to  G(z,,z,)=z 20,
H(z,z,) =2z, = 0,
G(z,,2,)H(z),2,) =22,=0, Vz,z,e R

Let f(z,z,)=zand f,(z,z,)=z,. The feasible region of MMPEC is P =

{(21,2;) € R%such that either z; = 0 and z, 20 or z, = 0and z; = 0}. If we take
point z* =(0,0) in feasible region then index set »(0,0) are empty set but 3(0,0) = {1}. Also

AV£,(0,0) + 4,Vf,(0,0)— 1VG(0,0) —0oVH(0,0)=0and either uv=00r g>0and ov>O0then,

A-pu=0,4-v=0and either gv=0o0r u>o0andv>0.If we take ﬂ;%,ﬂz:% then

s

u= ,U=% such that MMPEC M-stationary conditions hold. Therefore, by Theorem

1
2
3.7,z"=(0,0) is an efficient solution of MMPEC.

4.  Duality

We formulate Wolfe type and Mond-Weir type duals and generalize the duality
results using type I and pseudoquasi-type I assumptions. We propose the Wolfe type
dual for the multiobjective mathematical programming problems with equilibrium
constraints the (MMPEC) using generalized convexity.

(WDMMPE max f(u)+| > Afg,u)+ iﬂ,’zhi(u) —i[/l,GG, (u)+ l[.”H[.(u)]}e,

icl, i=

wheree=(1,1,..1) e R,

subject to
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Z[:r,Vﬁ (u)+ Z AfVg. () + Zq:ﬁ,th,(u) -3 [A°VG.(u)+ A'VH,(u)] =0,

ielg i=1

/1;‘: 20, A9=0,2"=0,vie Beither 4*>0,2° >0, or A4"A% =0,
!
where, 4 =(4%,4",4°,2") € RPY4*2M 7 = (74, ..., 7)) 2 0and D7 =I.
i=1

Also,
@ =au)=1{i:Gu)=0,H (u)#0},

= Bu)=1{i:G,(u) = 0,H,(u) =0},

=

7 =7 ) ={i:G,(u) = 0,H,(u) =0},
where i € {1,2, ..., m}.

Theorem 4.1. (Weak Duality) Let z be a feasible for the (MMPEC) and (u,z,4) be
feasible for the (WDMMPEC) where 4 =(4,2",4% 4")€ RP*9*2™ and t € R, Let

Jr={i A >0y, I =i A <0},

Br=lief:A°>0,4" >0},
Br=lieB:A°=0,1">0}, B ={ief:2°=0," <0},
Bi=lief:4=0,1°>0}, B, ={lie f: 2" =0,7 <0},

a'=fica:A’ >0, a ={ica:1°<0},

yi=liey: A" >0, 7 ={iey: A" <0},
Also, suppose that (f&1ohyi=h, =G o =G p = H o =H L 5 5) AT semi-
strictly-type I at u with respect to a common kernel 7 and if @ Uy U g, UB,; =¢. Then,
for any z feasible for the (MMPEC), we have

f(2) ﬁ.f(u)+{Zi,gg,-(u)+Zﬂ,-hhf(u) —i[z,GG,w)+z,-“H,-<u>]}e.

ielg i=1 i=1

Proof. Let

f(2) s.f(u)+{Zi,gg,-(u)+Zﬂ,-hhf(u) —i[z,GG,w)+z,-“H,-<u>]}e,

ie[g i=1 i=1
then there exist index p such that
q

£, < [, @)+ [Z A8g,(u)+ D Ak (u) —i[ﬂ,GGi(u) + ﬂ,”Hi(u)]},

iel, i=1
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fi(2) = fi(w) +[Z Afg (u)+ ﬁﬂf@-(»:) —ﬁ[ﬂ,GGi(u) + ﬂ,”H,-(u)]} Vi# p.

iel, i=1

Since by hypothesis, the above inequality gives
<Z[:r,Vf,(u) + 3 2EVg, (u) + iﬂ,th,(u)—i[liGVG,(u) +AVH (u)],f](z,u)> <0.

i=1 iel, i=1 i=1

Then,

Z[:r,Vf; (u)+ Z AVg.(u) + Zq:/l,th,(u) - Zm:[/iiGVG, (u)+ l,HVHt. (u)]<0.

i=1 icl, i=1 i=1
We obtained a contradiction to the duality constraints in the feasibility of the
(u,7,4) for the (WDMMPEC). Hence,

F@ L@+ A g )+ Y A w) =3 126 w) + A,.“H,.w)]} e.

iel, i=1
This completes the proof.

Theorem 4.2. (Strong Duality) Letz* be an efficient solution for the (MMPEC) and
satisfies the (NNAMCQ) atz*. Let (/. g, hymhy =G =G g H o —H ) be
semi-strictly-type I at z* with respect to the common kernelnand @ Uy U B; U B, = ¢,
where J*,J,B",B:,B8:,8: 8. ,a ;7 andy” are defined in Theorem 4.1. Then,
37 =(Z%,2"79,7") € RP*4+2m and T € R! such that (z,7,7) is an efficient solution for
the (WDMMPEC) and respective objective values are equal.

Proof. As z* be an efficient solution for the (MMPEC) and satisfies the (NNAMCQ) at
2. Hence, 37 =(1%,1",2°,2")€ RPT4+*2M and T; 2 0i € {1,2, ..., 1} such that the M-
stationary conditions for the (MMPEC) satisfied

jan;(z*) + D A5Vg (2 + Y AVh (") - f[i,-GVG,-(z*) +A"VH,(z")]=0,

iel, i=1
)f;: 20, 7°=0,2" =0,vie g either 1° >0, 2" >0, or 7°2" =o0.
Therefore, (z",7,7) is feasible for the (WDMMPEC) by Theorem 4.1, we have
q m
FE)Ef@)+| D A5 (w)+ D A h(w) —Z[/LGG‘,(u)Jr/LHH,.(u)]}e, 4.1
i=1

iel, i=1

for any feasible solution (z,z,y) for the (WDMMPEC).
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Also, from the feasibility condition of the (MMPEC) and the (WDMMPEC) that
is for iel (z').g,(z")=0,als0 4 (z")=0,G(z")=0,VieaUpand H,(z")=0,Vie fUy, then we
have

f(z*)—f(Z‘){Zﬂ,‘g,-(z*)+i%hh,-(z*)—i[/1,-GGf(z*)+&”Hi(z*)]}e- (42)

iel, i

Using (4.1) and (4.2), we have

fE@)=1@E)+ {Z/l,-ggf =)+ i/@”hf (Z*)—i[EGGf(Z*) +24H, (Z*)]}e

iel, i=1

£ f(u)+ [Z Afg,(u) + zq: Ak () —i[ﬂ,GG,(u) + /Il.”Hl.(u)]} e.

iel, i=1 i=1

Hence (z°,7,7) is an efficient solution for the (WDMMPEC) and the respective
values are equal for the suitable choice of (7.7).

We propose the following Mond-Weir type dual of the (MMPEC).

(MWDMMPEC) max  f(u)

subject to

iriw,i(u) + Y ASVg )+ quzi”w,(u) - Zm:[/liGVG,. (u)+ A,”VH,(M)} =0, (4.3)

i=1 iel, i=1 i=1

Z/liggi(u)g 0, i/‘L‘_”hi(u) =0,
1

iel, i=

G W S0, S AHwE 0,

i=1 i=l
A 20, 27=0,4" =0,vie g either ¥ >0,2° >0, or A"2% =0,

!

where, 1=(4%,4",2%,2")€ RPT4*2™M 7, 2 0 € {1,2,..,1}and Dz =1
i=1

Theorem 4.3. (Weak Duality) Let z be a feasible for the (MMPEC) and (u,z,2) be

feasible for the (MWDMMPEC) where 4= (4%,4",1% 4")€ RPT4+2™ and t € RL. Let

Jr={i A > 08, I =i A <0},
Br=lief:A°>0,4" >0},

Bi=lieB:A°=0,2">0}, B ={ief:A°=0,1" <0},
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Bi=lieB:A"=0,1°>0}, B,={icf:4" =0,1° <0},
a =fieca:A’ >0}, a ={iea:1° <0},
yr=liey: A" >0}, 7 ={iey: A" <0}

Also,  suppose  that(f.g, .h,.,~h, ,-G are

@ Up; =Gy UB#UB* —H UB;° _HV*UEg U/?*)
pseudoquasi-type I at u with respect to a common kernel  with ¢ >0,vie{l,2,..,/} and
ifa Uy UBUB, =¢.

g T

Then for any z feasible for the (MMPEC), we have

f(2) 2 f(u).
Proof. Let f(2) < f(u). Then, there exist some p such that

£,(2) < f, ).
1) S f@).izp.

Since r,>0, i=12,../

2af(@<Ynfw)= Y alVi@Inzuw<0  (44)
and

=D Agw) = 0= A[g)n(zu) =0, 4.5)

iel, ielg

—ith,(u) =0> Zq:i,h[Vhi(u)]’n(z,u) =0, (4.6)

325G 2 0= S VG, @lnuw) Z0,  (4.7)

i=1 i=1
SAHw Z 0= Y A IVH @] n(zu) Z 0. (4.8)
i=1 i=1

By definition of pseodoquasi-type I, adding (4.4) to (4.8), we get

Z[:r,Vf; (u)+ Z AVg.(u) + Zq:/l,th,(u) - Zm:[/iiGVG, (u)+ l,HVHt. (u)]<0,

ielg i=
we obtained a contradiction then,
S22 fu).
This completes the proof.
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Theorem 4.4. (Strong Duality) Let z* be an efficient solution for the (MMPEC) and
satisfies the No Nonzero Abnormal Multiplier Constraints Qualification (NNAMCQ) at
2. Let (f, g,v,hllv,—h.,,,—GE,UEI,—Gme,—H;,UE:,—HWETW)be pseudoquasi-type I at z*
with respect to common kernel 7 and @~ U7 UB;UB, =¢, whereJ',J , 8,5, Bs,
Bi,B;, a, y'and y are defined in Theorem 4.3. Then,31=(1%,1",2921")€
RP+a+2m  and 7€ RY, such that (z,7.7)is an efficient solution for the
(MWDMMPEC) and respective values are equal.

Proof. As :z*be an efficient solution for the (MMPEC) are satisfied the (NNAMCQ) at
z. Hence, 31 =(1%,1",29,2")€ RPYA*+2™M andr; 2 0i € {1,2, ..., [Jsuch that the M-
stationary conditions for the (MMPEC) satisfied i.e.,

1 _ 9. _ L —
DIV + Y AV (2) + D A Vh(2) = Y [AVG (") + A1 VH ()] =0,
i=1 i=1

= iel, i=1
,T;‘fq =0,7%=0, 2" =0, vie g either 1% >0, 2" >0, or Z°Z" =o0.

Also from the feasibility conditions of the (MMPEC) and the (WDMMPEC) that
is for ie1,(z"), g(z)=0, also A(z")=0, G(z")=0, vieaUp and H,(z")=0, vie Uy, then
we have

DA (2) =0, D A h(z")=0,

icl, i=1

S39G () =0, YA H()=0.
i=1 i=1
Since z*is an efficient solution for the (MWDMMPEC) and respective objective
values are equal for suitable choice of (z',7,4) is feasible for the MWDMMPEC). By

weak duality
fE)E f(u).

Thus, (z',7,4)is an efficient solution for the (MWDMMPEC) and respective
objective values are equal for suitable choice of (7,4) . This completes the proof.

Conclusions

We studied multiobjective mathematical programming problems with
equilibrium constraints. We established necessary and sufficient optimality conditions
for multiobjective mathematical programming problems with equilibrium constraints
using generalized convexity. Also, we proposed Wolfe type dual and Mond-Weir type
dual models and established weak and strong duality results for multiobjective
mathematical programming problems with equilibrium constraints using generalized
convexity.



296 KUNWAR V.K. SINGH, J. K. MAURYA, Y. PANDEY AND S. K. MISHRA

Acknowledgements

The research of the first author is supported by the Council of Scientific and
Industrial Research, New Delhi, Ministry of Human Resources Development,
Government of India through UGC, Grant No. 21-06/2015 (i) EU-V. The second
author is supported by the Council of Scientific and Industrial Research (CSIR), New
Delhi, Ministry Human Resources Development, Government of India, through Grant
09/013(0583)/2015-EMR-I

References

1.  P.T. Harker and J. S. Pang, “Existence of optimal solutions pp to mathematical
programs with equilibrium constraints,” Oper. Res. Lett., vol. 7, pp. 61-64, 1988.

2. A.U. Raghunathan and L. T. Biegler, “Mathematical programs with equilibrium
constraints (MPECs) in process engineering,” Comput. Chem. Eng., vol. 27, pp.
1381-1392, 2003.

3. W. Britz, M. Ferris and A. Khun, “Modeling water allocating institutions based
on multiple optimization problems with equilibrium constraints,” Envior. Model.
Softw., pp. 196-207, 2013.

4. Z. Q. Luo, J. S. Pang and D. Ralph, “Mathematical programs with equilibrium
constraints,” Cambridge University Press, Cambridge, 1996.

5. M. Fukushima and J. S. Pang, “Some feasibility issues in mathematical
programs with equilibrium constraints,” SIAM J. Optim., vol. 8, pp. 673-681,
1998.

6.  J. V. Outrata, “Optimality condition for a class of mathematical programs with
equilibrium constraints,” Math, Oper. Res., vol. 24, pp. 627-644, 1999.

7. H. Scheel and S. Scholtes, “Mathematical programs with complementarity
constraints, stationarity optimality and sensitivity,” Math. Oper. Res., vol. 25, pp.
1-22,2000.

8. J. J. Ye: Necessary and sufficient optimality conditions for mathematical
programs with equilibrium constraints,” J. Math. Anal. Appl., vol. 307, pp. 350-
369, 2005.

9. M. L. Flegel and C. Kanzow, “Abadie type constraint qualification for
mathematical programs with equilibrium constraints,” J. Optim. Theory Appl.,
vol. 124, pp. 595-614, 2005.

10. M. A. Hanson, “On sufficiency of the Kuhn-Tucker conditions,” Journal of
Mathematical Analysis and Applications, vol. 80, pp. 545-550, 1981.

11. R.N. Kaul and S. Kaur, “Optimality criteria in nonlinear programming involving
nonconvex functions,” Journal of Mathematical Analysis and Applications, vol.
105, pp. 104-112, 1985.



12.

13.

14.

15.

16.

17.

18.

ON OPTIMALITY AND DUALITY FOR MULTIOBJECTIVE MATHEMATICAL... 297

M. A. Hanson and B. Mond, “Necessary and Sufficient Conditions in
Constrained Optimization,” Report M683, Department of Statistics, Florida State
University, Tallahassee, Florida USA, 1984.

N. G. Rueda and M. A. Hanson, “Optimality criteria in mathematical
programming involving generalized invexity,” Journal of Mathematical Analysis
and Applications, vol. 13, pp. 375-385, 1988.

R. N. Kaul, S. K. Suneja and M. K. Srivastava, “Optimality criteria and duality
inmultiple-objective optimization involving generalized invexity,” J. Optim.
Theory Appl., vol. 80, pp. 465-482, 1994.

T. Q. Bao, P. Gupta and B. S. Mordukhovich, “Necessary conditions in
multiobjective optimization with equilibrium constraints,” J. Optim. Theory
Appl., vol. 135, pp. 179-203, 2007.

B. S. Mordukhovich, “Multiobjective optimization problems with equilibrium
constraints,” Math. Program. Ser. B, vol. 117, pp. 331-354, 2009.

Y. Pandey and S. K. Mishra, “Duality for nonsmooth optimization problems with
equilibrium constraints, using convexificators,” J. Optim. Theory Appl., vol. 171,
pp. 694-707, 2016.

S. K. Mishra and M. Jaiswal, “Optimality conditions and duality for semi-infinite
mathematical programming problem with equilibrium constraints,” Numer.
Funct. Anal. Optim., vol. 36, pp. 460-480, 2015.



